Introduction
Since the inception of modern soil mechanics, Terzaghi's theory of consolidation for saturated soils has formed an extremely useful conceptual frarnework in geotechnical engineering. Unfortunately, the study of the behavior of unsaturated soils has taken place in the absence of a similar theoretical framework. As a result, it has been difficult to envisage the trailsitions in theory when going from a saturated soil to an unsaturated soil.
As far back as 1941, Biot presented an analysis of the transient flow problem in saturated soils. He suggested two constitutive relations for the soil and solved for changes in the pore-water pressure with time. Biot considered the air to be in an occluded state with no flow of air during the consolidation process.
In 1965, Barden presented an analysis of the onedimensional consolidation of compacted, unsaturated clay. He subdivides the consolidation problem into various categories depending upon the degree of [Traduit par la revue] saturation of the soil. He states the problem is indeterminate and. therefore. various assum~tions are made in order to complete the analysis. Bishop's equation is used to describe the stress conditions in the unsaturated soil.
Partial differential eauations have been develo~ed in the soil science discipline to describe unsteady moisture movement. More recently these equations have received increasing acceptance in the soil mechanics field (Aitchison et crl. 1965) . These equations should be considered as a special case since the compressibility of the soil structure and the escape of air are not taken into consideration. They are generally not applied to transient processes associated with the application of an external load. Fredlund and Morgenstern (1977) proposed stress state variables for unsaturated soils on the basis of the equilibrium equations for a multiphase system. ~hese-were also verified experimentally. The element of unsaturated soil was considered as a four phase system with two phases that come to equilibrium under applied stress gradients (i.e., soil particles and contractile skin or air-water interface) and two phases that flow under applied stress gradients (i.e., air and water). Fredlund and Morgenstern (1976) also proposed and experimentally tested constitutive relations for volume change in unsaturated soils. In addition, the continuity requirements for an element of unsaturated soil were outlined. The description of the stress, continuity, and constitutive relations, and suitable flow and compressibility laws for air and water, provide the necessary physical requirements for a more rigorous formulation of transient processes in unsaturated soils. This paper presents a general one-dimensional consolidation (or swelling) theory for unsaturated soils within a theoretical framework similar to that for saturated soils. As well, equations are derived to predict the initial air and water boundary conditions associated with the application of an externally applied load. An example problem is included to demonstrate the solution of the above equations.
Physical Requirements for the Formulation
The state of stress in an unsaturated soil can be described by any two of a possible three stress state variables (Fredlund and Morgenstern 1977) . Acceptable combinations are: (1) ( o -11, ) and (u, -u,");
(2) (o -u,") and (u, -11, ); and (3) (o -un) and (o -u,~). The stress variables selected to derive the consolidation equations in this paper are (o -u,) and (ua -u,), where o = total stress; u, = pore-air pressure; and u, = pore-water pressure. Continuity of an unsaturated soil element requires that the overall volume change of the element must equal the sum of the volume changes associated with the component phases (Fredlund 1973) . If the soil particles are considered incompressible and the volume change of the contractile skin (i.e., air-water interface) is considered as internal to the element, the continuity requirement can be written:
where V = overall volume of the soil element; Vw = volume of water in the soil element; and V, = volume of air in the soil element.
If any two of the volume changes are known, the third can be computed. In other words, it is necessary to have two constitutive equations to define volume change behavior in unsaturated soils. Fredlund and Morgenstern (1976) proposed and tested constitutive relations to link the stress and deformation state variables. The proposed constitutive relationship for the soil structure is given by [2] and the relationship for the water phase is given by [3] (Fig. 1) .
where in: = compressibility of the soil structure when cl(u, -u,) is zero; mz" compressibility of the soil structure when d(o -11, ) is zero; mlw = slope of the (o -11, ) plot when d(u, -11,~) is zero; and mzw = slope of the (u, -11, ) plot when d(o -u,) is zero.
The constitutive relationship for the air phase is the difference between [2] and [3] because of the continuity requirement.
where mla = slope of the (o -u,) plot when &u, -uw) is zero, and r?zza = slope of the (u, -tr,) plot when d (o -u,) is zero.
Flow of the water phase is described by Darcy's law (Childs and Collis-George 1950) .
where v = water velocity; kw = coefficient of permeability with respect to the water phase; yw = density of water; and y = depth in the y-direction.
Flow of the air phase is described by Fick's law (Blight 197 1).
where v, = mass rate of air flow; D = a transmission constant having the same units as coefficient of permeability; p = absolute air pressure (i.e., u, + tr,~,); and u,tm = atmospheric air pressure.
The isothermal compressibility equation for the air phase, Pa, is and the isothermal compressibility equation of an air-water mixture (with no diffusion) in the presence of a particulate mass, P, , is:
where S = initial degree of saturation, and B,, = pore-pressure coefficient equal to A~lu,/Au,. The above listed physical relationships are sufficient to derive the one-dimensional consolidation (or swelling) equations and the pressure boundary condition equations for an unsaturated soil.
Derivation of the Consolidation Equations
The one-dimensional consolidation equations for unsaturated soils are derived using the conventional assumptions for Terzaghi's consolidation theory with the following additions:
(i) The air phase is continuous.
(ii) The coefficients of permeability with respect to water and air, and the volume change moduli remain constant during the transient processes.
(iii) The effects of air diffusing through water and the movement of water vapor are ignored.
The above assumptions are not completely accurate for all cases; however, they are reasonable for a first attempt to derive a general consolidation theory for unsaturated soils.
After applying a load to an unsaturated soil, there will be a dissipation of the excess pore-air and porewater pressures. In order to compute these values as a function of time, it is necessary to have two equations. This is accomplished by independently considering the continuity of the water and air phases. Then the derived equations are solved simultaneously to give the water and air pressures at any elapsed time.
Water Phase Pcrrtial D~fferential Equation Let us consider a referential soil element as shown in Fig. 2 . The water phase is assumed incompressible. For the consolidation process, water flows out of the element with time. The constitutive relationship for the water phase defines the volume of water in the element for any combination of total, air, and water pressures. The volume of water entering and leaving the element in the y-direction is described by Darcy's law as:
The net flux of water in the element is: For the consolidation process the change in total stress with respect to time is set to zero. Simplifying and rearranging [I I], the water phase partial differential equation can be written:
where C , = (1 -~n~~/ m~~) / ( r n z " / t ? z~ '~) and is called the interactive constant associated with the water phase equation. This equation may be further simplified by defining R , as n?z"/tnlW. When the soil is saturated, Rw = 1. cVw = (l/R,v)(k,/y,tn,") and is called the coefficient of consolidation with respect to the water phase.
As a soil becomes saturated, the interactive constant approaches zero and [12] The change in total stress with respect to time can be set to zero for the consolidation process. Simplifying and rearranging [19] , the air phase partial differential equation can be written as follows.
Air Phase Partial Differential Equation
The air phase is compressible and flows indepen-
( 1 -in za/nz la) + (1 -S)n dent of the water phase when subjected to an air (& f ~iatrn)t721" pressure gradient. As well, the constitutive relationship for the air phase defines the volume of air in the and is called the interactive constant associated with element for any combination of the total, air, and the air phase equation. This equation may be further water pressures. According to Fick's law the mass of defining R, as r?z2a/n21a. air entering the element in the y-direction is:
DRB 1 cv-= -[13] Mass entering = -D(dp/dy) dx dz
The net mass flux of air in the element is:
and is called the coefficient of consolidation with where nz = mass of air in the element. The mass rate of change is written in terms of a volume rate of change by differentiating the relationship between mass and volume.
For isothermal conditions the density of air, y,, is:
where w = molecular weight of the mass of air; R = universal gas constant; and 0 = absolute temperature.
The mass of air is written in terms of the density of air, the degree of saturation, S, and the porosity of the soil, n. res~ect to the air ~h a s e .
As a soil becomes completely dry, the interactive constant approaches zero and [20] reverts to the form presented by Blight (197 1).
The dissipation of the excess pressure of the poreair and pore-water phases is obtained by a simultaneous solution of [12] and [20] using the finite difference technique described in the Appendix.
The results can be ex~ressed in a dimensionless form by defining an average degree of consolidation and time factor for each of the fluid phases. The average degree of consolidation for the water phase is:
where Uw = average degree of consolidation with respect to the water phase; uwi = initial water pressure; u, = water pressure at any time; and H = length of drainage path.
The time factor for the water phase is: and where U, = average degree of consolidation with respect to the air phase; T, = time factor with respect to the air phase ; u,i = initial air pressure ; and u, = air pressure at any time. Figure 3 shows the water phase degree of consolidation versus time factor curves for various airwater interaction constants. Similar curves for the air phase are shown in Fig. 4 . The interactive constant in the air phase partial differential equation was assumed to be constant for the calculation of pore-air pressure dissipation. The curves cover anticipated reasonable ranges for the soil moduli. They also show a smooth transition towards the case of a completely saturated soil (Terzaghi 1936 ) and the case of a completely dry soil (Blight 1971).
Varying Permeabilities During Consolidation
The partial differential equation for the pore-water and pore-air phases can also be derived for the case where the coefficients of permeability are variables during the process. The derivations follow a form similar to that presented above but the coefficients of permeability are treated as variables during differentiation. The pore-water partial differential equation now becomes:
where c,," = I/R,,.y,rn~".
The pore-air partial differential equation becomes
These equations can readily be solved using a finite difference technique; however, it is difficult to present the solutions in dinlensionless form due to nonlinearity.
Pore Pressure Boundary Condition Equations
When an external load is applied to an element of unsaturated soil, instantaneous compression occurs under undrained conditions and excess pressures are induced in the air and water phases. Two equations are necessary to predict the relative magnitudes of the excess pore-air and pore-water pressures. The pore pressures depend upon the compressibility of the soil structure, the air and water phases. In addition, the contractile skin has an effect on the relative changes in the pore-air and pore-water pressures. The induced pore pressures form the boundary conditions for the consolidation process. The overall continuity requirement for the soil requires that the compression of the soil structure must equal the compression associated with the pore-fluid phases. This is satisfied by equating [2] and [8] and using the water phase as the reference phase for the pore-fluid pressure . [27] can be solved for the change in pore-water pressure.
Equation [28] involves two unknowns (i.e., Au, and Au,) and therefore another equation is required for its solution. A second equation is also logical since only one of two necessary constitutive relations has been used in formulating [28] . The second constitutive relation can be incorporated by considering the continuity of the air phase. Volume change described by the compression of the air phase must equal the volume change defined by the air phase constitutive relationship.
[29] mlaA (o -11,) Simplifying [29] and solving for the change in pore-air pressure gives:
Equations [28] and [30] can be solved for the changes in pore-air and pore-water pressures resulting from a change in the applied load. Let us simplify these equations by defining the following variables. 
Example Problem
An example problem is solved to demonstrate the solution of boundary condition equations (i.e., [37] and [38] ) and the partial differential equations for the pore-air and pore-water phases (i.e., [I21 and [20] ). Let us assume that a compacted soil layer overlying an impervious surface is initially in equilibrium with the stresses shown in Fig. 5 . The initial equilibrium conditions are altered by changing the total stress applied to the top of the soil. The instantaneous change in total stress of 689 kPa (100 psi) produced a corresponding pore-air and pore-water pressure change of 41.4 kPa (6 psi) and 303 kPa (44 psi), respectively. The initial and final stresses (and stress state variables) with the assumed soil properties are shown in Table I . The corresponding stress state variable changes on the constitutive surface are shown in Fig. 6 . The dissipation of the excess porewater and pore-air pressures is obtained by simultaneous solution of [I21 and [20] .
The average degree of consolidation with respect to the water phase (U,) is plotted against the time factor for water phase (T,) in Fig. 7 . It shows that the U, versus T, plot is only slightly different than the conventional Terzaghi consolidation plot for saturated soils. This deviation of the U, versus T, plot from the conventional Terzaghi plot can be attributed to the interaction effect in the simultaneous solution of the two partial differential equations.
The average degree of consolidation with respect to the air phase (U,) plotted against a time factor with respect to the air phase (T,) is presented in It should be noted that the c, " term has been assumed constant during the consolidation process. To do this, the absolute air pressure has been set to a constant equal to the average air pressure during the consolidation process. The error involved for this example problem is negligible. Figure 9 shows the percent mid-plane pore-water and pore-air pressures plotted against the dimensionless time factors for both of the fluid phases. Dimensionless isochrones for both the water and the air phases are shown in Figs. 10 and 11 respectively. The plots show only slight deviations from the conventional Terzaghi plots. Other example problems have shown the interaction effects between the air and water phase partial differential equations to be more extreme. All the necessary physical relationships are available for a complete formulation of the one-dimensional consolidation problem in unsaturated soils. The formulation proceeds along lines similar to that of Terzaghi's conventional theory for saturated soils. However, it is necessary to have one partial differential equation for the air phase and another partial differential equation for the water phase (i.e., [I21 and [20] ). They must be solved simultaneously.
For the completely dry and saturated cases, there is a smooth transition to the conventional solutions. At intermediate degrees of saturation there are varying amounts of interaction between the air and water phases during the dissipation process.
The necessary physical relationships are also available for a rigorous formulation of the pore-air and pore-water pressures generated during undrained loading. Once again two equations are formulated (i.e., [37] and [38] ) that must be solved for the pore-air and pore-water boundary conditions to the consolidation problems. The cVaAt/(Ay)' term has again been set to 0.25.
